Abstract. Since the monograph by Amir that appeared in 1986, a lot of attention has been given to the problem of characterizing, by means of properties of the norms, when a Banach space is indeed a Hilbert space, i.e., when the norm derives from an inner product. In this paper, similar investigations will be carried out for smooth spaces instead of inner product spaces. We consider the approximate orthogonalities in real normed spaces. We show that the relations approximate semi-orthogonality and approximate ρ + -orthogonality are generally incomparable (unless the normed space is smooth). As a result, we give a characterization of smooth spaces in terms of those approximate orthogonalities.
Introduction
Semi-inner products and norm derivatives, which can be naturally defined in general normed spaces over the real number field, play an essential role in describing the geometric properties of these spaces. The aim of this paper is to provide a complete overview of characterizations of smooth normed linear spaces based on norm derivatives.
In a real normed space, one can define various orthogonality relations. In the paper, we will consider the Birkhoff-James orthogonality:
An approximate Birkhoff orthogonality was given by Chmieliński [3] :
Obviously, for ε = 0 we have ⊥ B = ⊥ ε B . We recall some of the main properties of the semi-inner product. Let (X, · ) be a normed space over K ∈ {R, C}. A mapping [·|·] : X ×X → K will be called a semi-inner product (briefly s.i.p.), if the following properties are satisfied:
x · y . Lumer [9] and Giles [7] showed that in each normed space a semi-inner product always exists, however, not necessarily a unique one. There exists a unique s.i.p. in X if and only if X is smooth. Now, for a fixed s.i.p. in X we define a semi-orthogonality, by
We introduce ε-s-orthogonality
From this moment, throughout this paper, all normed spaces are assumed to be over reals and at least two-dimensional. Let (X, · ) be a real normed space. We define two mappings ρ + , ρ − : X × X → R:
These mappings are called norm derivatives. Now, we recall their useful properties (the proofs can be found in [2, 6] ):
x · y . Moreover, the mappings ρ + , ρ − are continuous with respect to the second variable, but not necessarily with respect to the first one. Now, fix the semi-inner product [·|·] . Then,
It is known that, X is smooth if and only if ρ
The following mapping ρ : X × X → R was introduced by Miličić [10] :
and
is called an M-semi-inner product (briefly M-s.i.p.).
In a similar way as earlier, we define ε-ρ + -orthogonality, ε-ρ − -orthogonality and ε-ρ-orthogonality: 
If (X, ·|· ) is an inner product space, then x|y
2. Comparison of ε-ρ ± -orthogonality and ε-s-orthogonality R. C. James (see [8] ) introduced in a real normed space X the following orthogonality relation: x⊥ J y :⇔ x + y = x − y . Amir [1] showed that ⊥ J ⊂ ⊥ B or ⊥ J ⊃ ⊥ B if and only if the norm in X comes from an inner product. Similar investigations will be carried out for smooth spaces instead of inner product spaces.
Relations ⊥ (
Proof. We start with proving (i)⇒(vii). Fix arbitrarily two linearly independent vectors x, y ∈ X such that x = y = 1. First, suppose that ρ + (x, y)=−ε. Then x⊥ (1) 
Applying properties of functionals ρ + and [·|·] we get
t(−x)+(1−t)y t(−x)+(1−t)y
and show that with some t o ∈ (0, 1), ψ(t o ) = −ε. Then we define We have proved that functionals ρ − and ρ + are equal. Thus X is smooth. Implication (ii)⇒(vii) can be shown similarly. In the second part of the above proof one should consider (sip1) instead of (nd1). Similarly, we can consider (nd1) instead of (sip1). Next, we may interchange the role of (sip2) and (nd2) (or (nd2')) in the above reasoning. Implications (vii)⇒(iii), (iii)⇒(i) and (iii)⇒(ii) are obvious. Therefore, we get (i)⇔(iii)⇔(vii) and (ii)⇔(iii)⇔(vii).
In the same manner, one can prove (iv)⇔(vi)⇔(vii) and (v)⇔(vi)⇔(vii).
